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1 Introduction 



The Gaudin models were firstly introduced by M.Gaudin in 1]. These models were also investigated as 
limiting cases of integrable quantum inhomogeneous su(2)-chains in [2]. Here we use an algebraic approach 
and obtain Gaudin's Hamiltonians from the transfer-matrix operator for open inhomogeneous chain models 
which formulated in terms of generators of affine Hecke algebra Hm+i(q)- I n our chain model an inhomo- 
geneity appears (as well as in [2]) as different shifts in spectral parameters related to different sites of the 
Hecke chain. The Gaudin Hamiltonians are obtained from the generating function which defines a Bcthc 
subalgebra in the Hecke algebra HM+i(q), by taking a special "classical limit" q — > 1. 

The Bethe subalgebras in the group ring of symmetric groups have been studied, for example, in |13j . 
[11] . In the present paper we construct a lift of the Bethe subalgebras studied in the papers mentioned 
above, to the cases of the Hecke and affine Hecke algebras. Our construction of the Bethe subalgebras is 
based on some special properties of the trace maps [7],[5],[S] in the tower of the (affine) Hecke algebras, 
see Section 3, formulae (15). Non formally speaking, the main idea behind our construction, is to define 
a set of "baxterized" Jucys-Murphy elements in the (affine) Hecke algebra. To realize this idea we treat 
the Jucys-Murphy elements in the (affine) Hecke algebra as a "classical limit" of the canonical free abelian 
subgroup in the (affine) braid group, see Section 2. 

The plan of the paper is as follows. In Section 2 we review some basic facts about braid and affine braid 
groups we need, namely, definitions and the construction of the maximal free abelian subgroups in these 
groups. 

Sections 3,4 contain our main results, namely, the construction of Bethe's subalgebras in the Hecke and 
affine Hecke algebras. In particular, Theorem 1 in Section 4 describes the Hecke version of the Gaudin 
Hamiltonians. We treat the Bethe subalgebras obtained as a "baxterization" of the canonical free abelian 
subgroup in the corresponding braid group. In other words, we introduce a spectral parameter dependences 
in definition of the Jucys-Murphy elements keeping the commutativity property of the deformed elements. 
A similar construction can be done for the Birman-Murakami-Wenzl algebras, cyclotomic Hecke algebras 
and some other quotients of braid groups. 

In Section 5 we study the classical and Yangian limits of the Bethe subalgebras in the Hecke and affine 
Hecke algebras correspondingly. 

We thank S.Krivonos for valuable discussions. 

2 Braid group 

Denote by §„ the symmetric group on n letters, and by Si the simple transposition (i, i + 1) for 
l<i<n-l. 

The well-known Moore-Coxeter presentation of the symmetric group has the form 

(si,...,s n _i | sf = 1, SiSi+iSi = Sj+iSjSj+i, SiSj — SjSi, if \i-j\>2). 

Transpositions sij := Si Sj+i • • • Sj-i sy_2 • • • s-j+i Si, 1 < i < j < j < n, satisfy the following set of 
(defining) relations: 

sfj = 1, Sij s u = s H Sij, if {i,j}f]{k,l} = 0, 

Sij S{k — Sjk Sij — Sik Sjk? Sik Sj,j — S{j Sjk — Sjk S{k: i ^ j ^ k. 

The Artin braid group on n strands B n is defined by generators oi, . . . , er„_i and relations 

aiOi+io-i = <7j +1 <7i<7 i+ i, 1 < i < n - 2, o~iO~j = o-j(Ti if \i - j\ > 2. (1) 
Proposition 2.1 Let us introduce elements 

By := 0~j—lO~j—2 ' ' ' 0~i+l Crf 0~i-\-\ ' ' ' 0~j—20~j—\ . 
TP — 2 

where 1 < i < j < n. 
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For example, 

A,i+i = of , A,-i+2 = a i+1 afa i+1 , F i<i+1 = £7 2 _ i; Aj+2 = cr„_j_i o%_. <r n -i-i, and so on. 
Then 

• For each j = 3, . . . , n, £/ie element Dij commutes with <7i, . . . , £7j_2- 

• T/ie elements A,i+i) A,i+2, A, n (Vesp. i^j+i, i*i,i +2 , . . . , Fj,„J 1 < i < n - 1, generate a free 
abelian subgroup in B n . 

• The elements A,2> A,3, • • ■ > A,n (Vesp. i*i,2)A,3! • ■ • >Fi,n) generate a maximal free abelian subgroup 
in B n . 

• If n>>3, the element 

n n ^=(o-i---^-i) n 

2<j<n 2<j<n 

generates the center of the braid group B n . 

• Ih .lh., ; IK., . i = A., : IK , ■ i A,ji if i < j- 

• Consider the elements s := ai (72 ^l, £ := 0i 02 in the braid group A- Then s 2 = t 3 and the element 
c := s 2 generates the center of the group A- Moreover, 

A/(c> = PSL 2 (Z), A/(c 2 > - Si a (Z). 

The affine Artin braid group B%f ' , is an extension of the Artin Braid group on n strands B n by the 
element r subject to the set of crossing relations 

0~l T 0~l T = T £71 T £71, £7, T = T £7, /or 2 < j < 71 — 1. 



Proposition 2.2 TTie elements 

A := 7", A = 2 <J< n , 
generate a free abelian subgroup in Bfjf . 

Therefore, for a unital commutative algebra F, any quotient F[B n ]/J of the group algebra F[B n ] of the braid 
group B n (resp. a quotient F[B%ff]/I of the afHne braid group B^^ group algebra F[B%?'}) by a two-sided 
ideal J C F[B n ] (resp / C F[BfJ^\) contains distinguish commutative subalgebra generated by the images 
of elements A, 2, ■ ■ • 1 A,n-i (resp. A, • • • , A)- It is well-known that the Hecke and affine Hecke algebras 
are certain quotients of the braid and affine braid groups correspondingly, see the next Section for details. In 
these cases the images of elements A, 2, ■ ■ ■ , A,n-i an d those A, • • • , A coincide with the Jucys- Murphy 
elements in the Hecke and affine Hecke algebras correspondingly. Our main objective of the next Section is 
to construct an analogue of the Bethe subalgebras in the affine Hecke algebras. 

3 Bethe subalgebras for affine Hecke algebra 

The Hecke algebra Aw+i(q) (see, e.g., [5] and [7]) is generated by invertible elements Ti [i = 1, . . . , M) 
subject to the set of relations: 

Ti T i+1 Ti = T t+1 Ti Ti+i , Ti Tj = T, % for i?j±l. (2) 

Tf-l = {q-q- l )T i , (3) 
Let 1 be a spectral parameter. We define Baxterized elements 

Ti(x) := Ti - xTr 1 = (1 - X )T % + Xx e H M+ i(q) , (4) 

which in view of ([2]) and ([3]) solve the Yang-Baxter equation 

Ti{x)Ti-i(xz)Ti(z) = Ti-\(z)Ti{xz)Ti-x{x) , (5) 
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and satisfy relations 

Ti(x)Ti(z) = XTi(xz) + (l-x)(l-z), (6) 
T i (l) = A, T i (x) = fc$T i (z) + \%=$,0 (7) 
where A := (q — q^ 1 ). Note that from © for Baxterized elements we have the condition 

Ti(x) Ti(x~ X ) = (q~ X X - q)(q~ 1 x~ 1 - q) , 
which can be written as unitarity condition Ti(x)Ti{x~ l ) — 1 for modified baxterized elements 

Ti(x) = - 1 — r -T l (x). (8) 

(q-q 1 x) 

The affine Hecke algebra HM+i(q) (see, e.g., Chapter 12.3 in [5] and [TU]) is an extension of the 
Hecke algebrai?jv/+i(<z) by additional affine elements yk {k = 1, . . . , M + 1) subject to relations: 

Vk+i = T k y k T k , ilk jjj = yj yk , Vj Ti = y 3 (j ^ i, i + 1) . (9) 

The elements {yk} form a commutative subalgebra in Hm+i, while the symmetric functions in yk form 
the center in Hm+i- The Jucys-Murphy elements {yk} coincide with the images of elements D\, . . . , D n 
considered in previous Section. Here and below we omit the dependence on q in the notations HM+i(q) and 
HM+i(q) of the Hecke algebras. 

The Ariki-Koike algebra |3j,[4| HM+i(q, Qi, Qm) is the quotient of the affine Hecke algebra 
Hm+i by the characteristic identity 

(m - Qx) ■ ■ ■ (m - Qm) = o , (10) 

where Qi, . . . , Q m are parameters. 

Definition 3.1 Let £(„) = (£i, . . . be n parameters and yi{x) 6 Hm+i, define the elements 

yn(x;C( n -i)) =T n _ 1 ( I ^-)---T 2 (f-)T 1 (f )y 1 (x) T^x^T^) ■ ■■T n _ 1 (x^ 1 ) = 

= T n - 1 {-^)y n - 1 (x^ {n _2))T n ~i(x^n-i) , 

which we call as "baxterized" Jucys-Murphy elements. 

Proposition 3.1 Assume that the element y\{x) S Hm+i in E2P is my local (i.e., [yi(x),Tk] = 0, 
Vfc > 1 ) solution of the reflection equation 

Tx(x/z) y 1 (x)T 1 (xz)y 1 (z)) =yi(z)T 1 (xz)yi(x)T 1 (x/z) , (12) 

Then the elements ill]) satisfy the reflection equation 

T n {x/z) y n (x;£, {n -i ) )T n (xz)y n (z;^ n _ 1) ) = y n (z; T n (x z) y n (x; £ (n _i)) T n (x/z) , (13) 

Proof The case n = 1 of the equation (TT3| corresponds to our assumption that y\ (x) satisfies the equation 
(TT21) . The general case follows by induction using the definition (TTT|) of elements y n (x; C(n-i))- 
■ 

For example, in the case of the affine Hecke algebra, one can use the local solution (see [8]): 

yi(x) = ^— T, (14) 

where £ is a parameter. In the case of the Ariki-Koike algebra this rational solution is represented in the 
polynomial form by writing the characteristic identity (|10p as 



vi y'i 1 L + v 2 y'; L ' + ••• + u m -i yi + v ri 
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where Vi,...,v m are functions of £, x, Q±, . . . , Q m . 

Consider the following inclusions of the subalgebras Hi C H% C • • • C Hm+i- 
{yi\Ti, . . . , T„_i} £ H n c H n+ i 3 {yi;Ti, . . . , T„_i,T n } . 
Define for the algebra Hm+i linear mappings 

Tr (n+1) : H n+1 ^H n , (n = 1, 2, . . . , M) , 

such that for all X, X' £ H n and Y £ H n +i we have 

Tr^^T* 1 • X ■ T* 1 ) = Tr (n) pO , Tr (n+1) (X • Y • X') = X ■ Tr (n+1) (Y) • X' , 

Tr(„)Tr (n+1) (r n • Y) = Tr (n) Tr ( „ +1) (Y ■ T n ) , (15) 
Tr (n+1) (T„) = 1 ,Tr (1) ( yi fe ) = £>W , Tr (n+1) (X) = X , 

where k £ Z and £>( fe ) G C\{0} are constants. Note that is independent of n and all flw can 

be considered as central elements for certain central extension Ext(7?M+i) of Hm+i- The elements D^ fc ^ 
generate an abelian subalgebra (we denote this subalgebra Hq) in Ext (-Hm+i)- 
Using the properties (fT51 of the map Tr, y and relations ©, one can show 

Lemma 3.1 For all X £ H n and \fx, z, the following identity is true: 



(B+1) (T n (x) • X • T„( 2 )) = (1 - i) (1 - z) Tr (n) (X) + A (1 - z) X , (16) 

where T n (x) are Baxterized elements ^ and 

p = l-\D<® = l-(q-q- 1 )Tr (n+1) (l) . 



From eq. (|16p. for pxz = 1, we obtain the "crossing-symmetry relation" 

Tr (n+1) (T n (x) -X-T n {l/ipx))) = — Tr M (X) , (17) 

where F p (x) = ^ii^f^nj . 

Proposition 3.2 (see also jS], [5]). Lei y n (x) £ H n be any solution of the RE U3\) . The operators 

r n - x {x) = Tr (n) fo n (s)) G H„_i , (18) 
/orm a commutative family of operators 

Tn-i(x) , r„_i(z) =0 (Vx,2), (19) 

m £/ie subalgebra H n —i C Hm+i- 
Proof. Using ([15}, <JT7J» and (JBJI we find 

T n -\{x)T n -\{z) = Tr {n) {y n {x) T n -\(z)) = 
= F p (xz)Tr (n} (y n (x)Tr in+1) {T n {xz) y n {z)T n {{pxzy v ))) = 
= F p (x z) Tr (n) Tr (n+1) (T~ l (x/z) y n {x) T n {xz) y n (z) T n (x/z) T^ipxz)- 1 )) = 
= F p (.Tz)Tr (ri) Tr (ri+1) (y n (z)T n (xz)y n (x)T n ((pxz)- 1 )) = 
= Tr (n) (y n (z) t„-i(x)) = r n _i(z) r n _i(a;) , 

where -F p (:e) is defined in (fT7|) . 
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Now we consider the operators (|18|) . where solution y n (x) of the reflection equation is taken in the form 

Tnfa£(n)) = Tr („ + i) (Vn+l fa £(«))) £ #n (20) 

We stress that the elements (|20| are nothing but the analogs of Sklyanin's transfer-matrices [12] and the 
coefficients in the expansion of T n fa& n -\) over the variable x (for the homogeneous case = 1) are the 
Hamiltonians for the open Hecke chain models with nontrivial boundary conditions which was considered 
e.g. in [3]. Consider this expansion of t„(x; £(«)) for inhomogeneous case: 

oo 

Tnfa !*(„))= *k(t(n))x k £H n . (21) 

k— — oo 

According to the Proposition 3.2, for fixed parameters £(„) = (£i, . . . ,£„), the elements 3>fc(£( n )) generate a 
commutative subalgebra C -ff n - These elements are interpreted as Hamiltonians for the inhomoge- 

neous open Hecke chain models. Following [T3] we call the subalgebras B n (£,( n )) a s Bethe subalgebras of the 
affine Hecke algebra H n . 

First we obtain more explicit form for the generating function of the elements $fc(£( ra )) S ^n(C(n))- F° r 
this we substitute the solution y n+ i(x; £(„)) of the reflection equation in the form ([TT)l to the transfer-matrix 
operators (|20j) . Using relation (fT6|) we obtain 



r n fa 4) ) - T Wl) (r n ( £ ) • • ■ T 2 ( £ )Ti ( § ) yi (or) T x (a& )T 2 fa 2 ) ■ ■ ■ T n (x£ n 
= (£« ~a;)(C 1 -«)7n-i(a:;^(n-i)) +^(1 -Pa; 2 )2/n(a;;^(n-i)) = 

n 

= II (6 -»)(^fc X -a:)Tn-2(x;^(n-2))+ (22) 

+A(1 - pa; 2 ) - x)^ 1 - x)y n _ 1 (x;^ n _ 2 ))+y n fai(n-i))) = ■■■ = 
= ( ft (6 - ^(C 1 - &)) T o(x) + A(l - pa: 2 ) J„(x; |* (n) ) , 

where the element To(x) = Tel. (yi(x)) G Hq by definition is the central element in H n . In equation (|22|) we 
have introduced the notation J n (x;C(n)) f° r new explicit generating function of the commutative elements 
**(&»)) G 

-* 71 -* -* 

Jn(a;;C(n)) = E d"(x;£ ) Vrfa^r-l)) = 



(23) 



r=l 

= £ d?(x; £ ) Tr-xi^) ■ ■ ■ Txif-J yi (x) Titet) ■ ■ ■ T^xCr-i) 
where we have used the concise notation d™{x\ £ ) for coefficient functions 

n n 

d?(x;£ M )= J] (x-Z k )(x-£ 1 )= [] {1-PkX + x 2 ), (24) 

k— r+1 fc=r+l 

^ = (6 + ^)- (25) 
Remark. From Yang-Baxter equation ([5]) and reflection equation (|X3|) we deduce 

r„ (x; £(„)) T k{Zk+i/€k) = T fe (^ fe+ i/^)r„(a;;s fe • |* (n) ) , fc = l,...,ra- 1 

^n(x;£(„))j/fc(ffc ;£(&_!)) = yfc(6;C(fe-l)) T n(x;Ife • £(„)) , k = 1, . . . ,71 , 



(26) 



where • f( n ) = (£i, . . . ,£k-i,€k+i,€k,£k+2, ■ ■ -£n), i-e. Sfc is the transposition of two parameters £fc and 
£fc+i, and Ift • = (fi, . - . ,^fc-i,Cfc* i^fe+ii • • -^n)- It means that the Bethe subalgebras generated by 
transfer-matrix type elements t„(x; £(n))i r„(x;Sfc • £(«)) and r„(a;;Ife • £(«)) are equivalent. It is clear that 
the symmetry (|26|) is also valid for the generating functions (|23|) . 
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4 Bethe subalgebra for the Hecke algebra 

The Hecke algebra H n is the quotient of the affine Hecke algebra H n by the relation y\ = 1. Thus, one 
can obtain the generating function for the elements of Bethe subalgebra of usual Hecke algebra H n if we 
substitute into (|23[) the trivial solution y\{x) — 1 of the reflection equation. Then to simplify the function 
(|2"3"| for the case of H n we first transform the elements y r (x; £(>_!)) given in (fTTj). For this we use relations 
(|3]) and identities 

T fc (£) r fc (a&) = XT k (x 2 ) + (x - £ k )(x - ^T 1 ) = 

= A(l - x 2 )T k + [A 2 x 2 + (x- £ k )(x - , 

which can be deduced from ©. For yi(x) = 1, applying (|27[) many times, we obtain new representation for 
the elements (fTT|) : 

Vn+l{x; £(«)) = T n (£^) ■ ■ ■ T 2 (j^)T 1 (j^) T 1 (x£ 1 )T 2 (x£ 2 ) ■ ■ ■ T n (x£ n ) = 
= T n (£) • • • T 2 (f ) (A(l - x 2 )Ti + [A 2 :r 2 + (i - - fr 1 )]) T 2 « 2 ) • • • T n «n) = (28) 
= A(l - a; 2 ) y n+ i(x;^ ( „)) + c„+i(a;; p ( „)) , 

where 

n-l 

3fcfic: ^i._i>)T„_i f^— 1 • • • Thj-i (- 

k + l 



Vn{x;i(n-x)) = E Cfe(^;p( fe _ 1 ))T n _i( s ^)---T fc+ i(^)T fe T fe+ i(a;Cfe+i)---T n _i(a;^„_ 1 ) , (29) 



fc=i 

parameters pfc were defined in (|25p and for the coefficient functions we have ci = 1, 

fc-i 

c fc (a:;^fc_i)) = [] C 1 ^Pi + (! + A V) (Vfc > 2) . 

3=1 

Using representation ([28]) it is convenient to redefine the generating function (|23[) once again 

Jn(x;£(n))= J2 d r( X 'ii) ( A ( 1 ~ x2 )Vr{x] |*( r -l)) + C r (x; Pfr-l))) = 
r=l v 7 

_^ n 

= A(l - X 2 ) J n (x; £(„)) + X] O Cr^S P(r-1)) • 



(30) 



For new function J n {x\^ n )) which generate elements of the Bethe subalgebra B n (£,( n )) C fln we obtain the 
recurrent relations 

n 

h = 2/2 = T\ , J n = (1 - xp„ + a; 2 ) J„-i + y„ = dj!(a;; p) ?/fc , (31) 

where coefficients d^(x;p) were defined in Using the recurrence relation (30) we can compute the 

Hamiltonian of our (integrable) system, namely, 

d ~ — 

l<i<j<n l<a<j<fe<n 

At the end of this Section we present the explicit expressions for first few elements y n and J n for n > 2: 

h = Ti, y 3 = T 2 (§)riT 2 (a&) + (l - x Pl + (1 + A 2 )x 2 ) T 2 , 

y 4 = T 3 (%)T 2 (%)TiT 2 (xb)T a {x&) + (l - zpi + (1 + A 2 )* 2 ) T 3 (£)T 2 T 3 (x£ 3 ) 

+ [1 - spi + (1 + A 2 )x 2 ][l - xpa + (1 + A 2 )a; 2 ]r3 , (32) 

y 5 = T 4 (§)...T 2 (f )T 1 T 2 (x6)...T 4 (^ 4 ) + c 2 (z; p x ) T 4 (g )T 3 (§ )T 2 r 3 (^)T4(^)+ 
+C3(^;pi,P2) T 4 (g)T 3 T 4 (a;£ 4 ) + c 4 (;r;pi,p 2 ,p3)r 4 . 
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Ji = 7i , J 3 = (l - zp 3 + (1 + A 2 )^)^ + (l - zpi + (1 + A 2 )a; 2 )T 2 + 

+ (1 - xp 2 + x 2 ) T 2 T{T 2 + \x(t 2 - x) T 2 T 1 + Xx - x) T X T 2 = 

-i , ( 33 ) 
Ti+T 2 + TiT 2 Ti - (p 3 Ti + p 2 TiT 2 Ti + p{T 2 - A£ 2 T 2 Ti - A£ 2 TiT 2 )x+ 

((1 + A 2 )(T X +T 2 + T{T 2 T\) - \(T{T 2 + T 2 T X + A T^T^x 2 . 

Therefore the Bethe subalgebra £> 3 (£( 3 )) is generated by the central elements C\ = T\+T 2 + T( 13 ) and C 2 = 
TiT 2 + T 2 Tx + AT (13) , and the element 

D = Pi T x + p 2 T (13) + Pl T 2 - A^TsT 1 ! - A£ 2 T X T 2 . 

Here we used notation T/ 13 ) :— T{F 2 T\. Now let us introduce the following elements 



9 ?(3) 



D - pid Ti T (13) A6 r 2 Tx + A^T^ 



(P2 -Pl)(p3 -Pi) P2-P1 P3-P1 (P2 -Pl)(p3 -Pi) 



# 2 ■= /(«) = g z ^ = T i + r 2 _ A6 r 2 T! + A^TiT, 

1 (Pi - P2)(P3 - P2) P\-Pl P3 - P2 (pi - P2)(P3 - P2) 

. ^i ( 3) = -P - P3C1 = T 2 7(i3) _ A£> r 2 Ti + A^^TjTj 

1 (Pi - P3)(P2 - P3) Pi- P3 Pi- Pi (Pi - Pi)(pl - P3) 

One can check that 

#1+02 + 03 = 0, P101+/9202+P303 = Ci, (A 2 + 3)C 2 = C\ - 2Xd - 3, 

and the elements 1 (3) , # 2 (3) , # 3 (3) pairwise commute and generate the Bethe subalgebra £> 3 (£( 3 )). Our 
goal is to show that a similar set of generators exist for the Bethe algebra £>„(£(„)) for arbitrary n. 

To state our main result of this Section we need to introduce a bit of notation. First of all, for a pair of 
integers 1 < i < j < n let us introduce the elements := Tj_\ • • • T i+ iTiT i+ i ■ ■ ■ Tj_i, 1 < i < j < n. 

Now let B C [1, 2, . . . , n] be a subset, define inductively the elements T(B) :— T^O) (i?) as follows 
. T({&}) = 0, T({a<6})-T (ab) , 

. T({a < b < c < . . . < d}) = & < c < . . . < d}) T (o6) + C'^) T({fe < c < . . . < d}). 
For example, 

T({a <b < C< d}) = £ a £fc T(cd)T(bc)T(ab)+£a£ b ~ 1 T(bc)T( c d)T(ab)+£,a 1 t,b T( ab )T( cd )T(b c ) +£,a 1 £b 1 T ( a b)T (bc)T ( c d) ■ 

Using the notation introduced above, let us define the following elements 

*f w = £ A'*l- 2 ^ «=!,...,„. 

B C fc.n] n^(p - Pt ) 

Theorem 1 

T/ie elements 6a n \ a — 1, ...,n mutually commute, generate the Bethe subalgebra B n (£t n \) and 
satisfy the following properties 

. *f<»> + . . . + ^ = o, £? =1 ^4 (B) = Ei< !S3 <n %) : 

• the elementary symmetric polynomials ej(6\ <n) , . . . , 0^ (n) ), j = 2,...,n, generate the center of the 
Heche algebra H n , 



Clearly, 



E+!++M...). 



6 # a P " - » 



In other words the elements {0a <re) , a — 1, ... ,n} are a K/t of the Gaudin elements {g a (£( n )) ^2jjk a (Pa — 
Pj) s aj, a = l,...,n} from the group algebra C[S n ] of the symmetric group §„ to the Hecke algebra 

H n (8) C. 
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Using the recurrence relation (30) we can compute the Hamiltonian T-L^ n) of our (integrable) model, 
namely, 

n^ = ^-j n (.x^ n) )\ x=Q = (pi + Pj) T m+ E (-^ Bh2 T(B). 



dx 

Ki<j<n sc[i,...,n] 

|B|>3 



Finally we remark that the example above shows that the set of all Bcthc's subalgcbras in the Hecke 
algebra H n does not coincide with the set of all maximal commutative subalgebras in H n , if n > 3. 

5 Symmetric group limit and Gaudin model. 

Let us consider the special classical limit when q — > 1 while parameters x and are fixed. For q = 1 or 
A = in view of (1271) the Hecke algebra Hm+i is degenerated to the symmetric group algebra Sm+i, i-e. 
Tfe = TjT 1 = Sfc.fc+i = Sfe are elementary transpositions of k and k + 1. In this limit we have Tk{x) = (1 — x)sk 
and formulas ([25)) and (|32l) are simplified 

V2 = 8i , y 3 = [1 - xp 2 + x 2 ]s 2 sis 2 + [1 - xpi + x 2 ]s 2 , 
Vi = [1 - xp 2 + x 2 ][l - xp 3 + x 2 ]s 3 s 2 sis 2 s 3 + [1 - xpi + x 2 ][l - xp 3 + x 2 ]s 3 s 2 s 3 (34) 
+ [1 - xpi + X 2 ][l - Xp2 + x 2 ]s 3 



1 ) * ' * 3 



Vk = ( II [1 - ^ + * 2 ]) E TT^T^] . (35) 

\m— 1 / j — 1 

where = Sfe_i...Sj_|_iSj5j_)_i...s/-_x are transpositions in i.e. s^fc = s^j. Substitution of into 

(HITI) gives 



n n 



J n (x;p(n))= E I! (! "^m +X 2 ) y k = 
k=2 m=k+l 

n k—1 n n n 

-EE EI (1 - XPm + X 2 ) aj , k = I] (1-Xpm + X 2 ) E [r-^ J^-^+^j » 
k=2 j=l m=i m=l k>j 

m^j,k 

After the renormalization 

x 2 J n {x;p {n) ) 



JnyK] P(n) 



J] (l-a;p m +.x 2 ) 



and change of variables it = x + 1/x we obtain the generating function for Bethe subalgebra of symmetric 
group algebra S n in the form 



Sj,k Pj — Pk _ 

.. Pj]['«-Pfc] ~~ 

Sj.k 1 



V (r- n, s\ — £- V = I V s 3.fc = I V s J. fc 

U n\- L i Hin)) 2 Z^ [l-xpj+x 2 ][l-xp k +x 2 ] 2 Z^ [u-pj] [u-p fc ] 2 Z^ p 3 --p h pu 

fcjj — 1 

2 z^ pj-p fc ^ [u-pj\ [u-pfc] y z^ 



Pj-Pfc M-Pj 



The commuting Hamiltonians if for Gaudin model are obtained from Q36p as residues for u —> pf. 



H\ n] = ics(JUx;p (n) )) _ =J2 



Sj,k 



u=p 3 = i pj — pk 

The right hand side of (|3"o| . after the change of variables pk —> Zk, can be represented in the form 

/ 

1 x - Sj <k 



III 



\ k,j=l J rn 

\ k=/Lj m =F3 
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and the expression in the brackets is related (up to the shift by a scalar function) to the generating function 
$2™k u ) °f the Bethe subalgebra which was presented in [T3] (see Remark after the Theorem 4.3 in [T3]). 

Remark 1. There is another semi-classical limit q — > 1 for the constructions considered above which is 
called Yangian limit. In this case we have to consider substitution 

X = q- 2u , = <T 22J , q = e h , 
and take the limit h — > 0. Then we have 

x = 1 - 2hu + ... , X = 2h + ..., T k (x) = 2h(us k + 1) + ... , 
T k = s k + hs' k + ... , T% = 1 + 2 h s k + . . . , s k s' k + s' k s k = 2s k , 



(1 - Pj x + x 2 ) = (1 - &a;)(l -§:) = Ui\u 2 - z 2 ) + 



(37) 



(1 - Pj x + (1 + X 2 )x 2 ) = Ah 2 {u 2 - z 2 + 1) + ... , 
y x =l + 2hh + ... , y k = l + 2h£' k + ... , 
T k { f k ) = 2h{(u - z k )s k + 1) , TfcKfc) = 2h((u + z k )s k + 1) , 

where s k € §m+i are elementary transpositions, dots . . . means the higher orders in h and we have used 
notation 

fi=ti, 4+1 = s k + s k £' k s k , (38) 

for commutative set of elements {£' k }. Moreover it is easy to see that s k £ k — £ k+1 s k — 1, k = 1, . . . , M, and 
the elements {s k , £[, £' k+l7 k = 1, . . . , M} generate the degenerate afhne Hecke algebra [B]. 

We call the limit (I3T1) as Yangian limit since for the modified Baxterized element T k (x) given in ((HJ we 
obtain (see the first line in ([37])): 

f k {x) = ^±l + h... . (39) 
u + 1 

In the matrix representation p of the symmetric group Sm+i we have p{s k ) = P kk +x, where P kk +\ are 
permutation matrices which act in the products of n-dimensional vector spaces y®( M+1 ) and permute 
factors with numbers k and k + 1. In this representation the Baxterized element (|39p is nothing but Yangian 
i?-matrix which is used for the definition of the <?^(rt)-type Yangian. 

Remark 2. Now we show that the elements £\ commute as following: 

[£ 1 ,£ 2 ] = s 1 £ 1 -£ 1 s 1 , (40) 

where we denoted £2 '■= si £\ s%. It follows from the relation [£[, £' 2 ] = 0, but we check this identity directly. 
First, we start with the relation (see ©) in the affine Hecke algebra 

Ti yi Ti yi = yx T x y x T x , (41) 

and change here the affine generators y x — > K\. 

y l = l + {q-q- 1 )K 1 . (42) 

The substitution of (g2J into (gTJ) and using of © gives for (q - q^ 1 ) ^ 0: 

T X K X T X K X - K X T X K X T X = K X T X - T X K X . (43) 

Now we take here the Yangian limit (|3"T)) . i.e. we put K\ = £\ + h . . . and T± = si + h Then, in the 

zero order approximation in h, eq. (|43l) is converted to (|40l) . In the matrix representation (see the end of 
the Remark 1.) when p(s k ) — P kk +\, 

p(l x ) = i®l®...®le End{V® (M+1) ) 

M 
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and L = ||Lij||ij=i,...,n is a n x n matrix with noncommutative entries, relation (|40[) gives the defining 
relations for generators Ly of g£(n) Lie algebra. 

Remark 3. The using of the Yangian limit (|57|) in ([23]) will give the generating function for generators of 
Bethe subalgebras for degenerate affine Hecke algebra. Here we present first few cases for n = 1,2,3: 

t , ? \ r \ yi-£x h^o ii + {z + u) 

J l{x , kl) ) = y l{x) = ^— I — 1 _> ____ + /,..., 

■M^fp)) = (x 2 - p 2 x + 1) yi(x) +Ti(x/£i)yi(x)Ti(x£i) 
2^,2 2M+{z + u) M + (z + tt) l1 sA , 1,3 



\ £1 + (z — U) i\ + (z — U) J 

Ja(x,i(3)) = (x 2 -p3X + l)((x 2 -p 2 x + l)y 1 (x)+T 1 (x/t 1 )y 1 (x)T 1 (x^ + 
+T 2 (x/&) Ti^/a) yi(x) Ti(a&) T 2 (^ 2 ) ^ 

,„ n4 /, 9 2s/ 2 9s^l + ( z + u ) / 2 2s// s -, s ^1 + ( Z + U ) / / s ,1 

(2ft) 4 l^u 2 ~ zl)(u 2 - z 2)-i_A__Z + ( u a _ _ Zx)sx + i)__v__^(( u + Zl ) Sl + i) + 

+((« - z 2 )s 2 + l)((u - zi)s! + l) * 1 "j"; + + + l)((u + z 2 )s 2 + 1) ) + ^ 5 . . . , 



where we have used (|14|) and taken £ = q 2z . The expansion of elements J n {X)£(n)) 
parameter u gives the set of commuting elements $f.(zi, . . . , z n ) (cf. eq. (|21|)): 



over the spectral 



J„(x,C ( „)) =(2fc) 2 ("- 1 )Vci> fe (z 1 , 



^V^fz:,...,^)/^ 2 "- 1 

fe=0 



The elements $fe(zi, . . . , z n ) are generators of the Bethe subalgebras in the degenerate affine Hecke algebra 
{s m , ti, m = 1, . . . , n — 1} and 3>fc(zi, . . . , z n ) can be interpreted as Hamiltonians for inhomogeneous open 
spin chains. In particular for homogeneous case z m = 0, z ^ of such open spin chain we obtain the local 
Hamiltonian H(z): 



d u J n (q- 2u , (1, 1) ~ h 2 ^ H(z) + ft 2 "" 1 . . . , H(z) = V „,„ , 

\ / h^-0,u=0 \ ^— [ Zi + Z 

\m— 1 , 



'n-l 

$ 7 1 
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